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Abstract. We introduce “anamorphic” cosmology, an approach for explaining the smooth- 
ness and flatness of the universe on large scales and the generation of a nearly scale-invariant 
spectrum of adiabatic density perturbations. The defining feature is a smoothing phase that 
acts like a contracting universe based on some Weyl frame-invariant criteria and an expand- 
ing universe based on other frame-invariant criteria. An advantage of the contracting aspects 
is that it is possible to avoid the multiverse and measure problems that arise in inflation- 
ary models. Unlike ekpyrotic models, anamorphic models can be constructed using only 
a single field and can generate a nearly scale-invariant spectrum of tensor perturbations. 
Anamorphic models also differ from pre-big bang and matter bounce models that do not 
explain the smoothness. We present some examples of cosmological models that incorporate 
an anamorphic smoothing phase. 
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1 Introduction 


Observations show the large-scale structure of the universe to be flat, smooth and scale- 
free [24] and the spectrum of primordial curvature perturbations to be nearly scale-invariant, 
adiabatic and Gaussian. Inflationary cosmology attempts to explain these large-scale prop- 
erties by invoking a period of rapid accelerated expansion, but this approach leads to an 
initial conditions problem and a multiverse problem that each make the theory unpredictive. 
Ekpyrotic cosmology invokes a period of slow contraction that makes the universe smooth 
and flat while avoiding initial conditions and multiverse problems, but it requires an entropic 
mechanism using two or more scalar fields to generate the nearly scale-invariant spectrum of 
curvature perturbations. 

In this paper, we introduce “anamorphic cosmology” that combines elements and ad- 
vantages of both earlier approaches. Based on some invariant criteria, the cosmological 


background during the smoothing phase behaves like a contracting universe that homoge- 
nizes, isotropizes and flattens without introducing an initial conditions or multiverse problem; 
and, based on other invariant criteria, the cosmological background behaves like an expand- 
ing universe that can directly generate a scale-invariant spectrum of super-horizon adiabatic 
perturbations using a single scalar field. Because the impression of the cosmological back- 
ground depends on the perspective (i.e., the Weyl frame), we refer to models of this type as 
“anamorphic.” 

An anamorphic cosmology integrates a combination of concepts described in the forth- 
coming sections: 


— massive particles whose mass m in any Weyl frame has a different time-dependence 
than the Planck mass Mp, i.e., m/Mp, is time varying (section 2); 


— two Weyl-invariant quantities, Om and Op), that characterize the contraction or ex- 
pansion relative to the characteristic matter scale (e.g., Compton wavelength) or to the 
gravitational (Planck) scale, respectively (section 2); 


— suppression of the anisotropy due to time-varying m/Mp, (section 4); 
— a scalar-tensor theory realization of the anamorphic phase (section 5); 
— a kinetic coupling that causes Om and Op) to have opposite signs (section 5); 


— generation of nearly scale-invariant adiabatic, Gaussian density perturbations in an 
anamorphic contracting phase governed by a single scalar field (section 6); 


— generation of nearly scale-invariant gravitational-wave perturbations in an anamorphic 
contracting phase (section 6); 


— a novel, anamorphic mechanism for averting a multiverse (section 6.2); 


— two kinds of bounces (termed ©,,-bounce and Op;-bounce) in which Om or Op; reverse 
sign from negative to positive (section 8); 


— transition from contraction to expansion and vice versa without violation of the null- 
energy condition (NEC) (section 8.1); 


— or, in some cases, non-singular bounce from contraction to expansion with ghost-free, 
stable NEC violation (section 8.2); 


— incorporation of the elements above into a geodesically complete cyclic cosmology in 
which the anamorphic phase, matter-radiation creation, and dark-energy domination 
repeat at regular intervals (section 8.2). 


Although some of these elements have been considered by other authors (most notably by 
Piao [36], Wetterich [44], Li [30], and Domenech and Sasaki [13], as we will discuss), the nov- 
elty here is how they work together with the other elements to form a complete cosmological 
scenario. 

This paper is organized as follows. Sections 2—6 describe the anamorphic phase during 
which the universe is smoothed and adiabatic curvature perturbations are generated. In 
sections 2-3, we describe the essential components of anamorphic cosmology, the advantages 
compared to other cosmological scenarios, and the cosmological background. Section 4 details 


the conditions that the background solution must satisfy to smooth and flatten the universe 
and produce squeezed quantum states. Then, in section 5, we present a simple scalar-tensor 
field theory that realizes the anamorphic conditions. In this paper, we focus on cases for 
which there exists a frame in which the anamorphic scalar field ¢ couples only to itself and 
the Ricci scalar; generalizations of anamorphic cosmology will be discussed in forthcoming 
publications. The second-order action describing the perturbations and the conditions for 
obtaining a nearly scale-invariant spectrum are given in section 6. The analysis shows how 
anamorphosis circumvents an earlier no-go theorem [12] stating that adiabatic modes always 
decay during contracting phases if mediated by a single scalar field. We then explain how 
the multiverse is avoided. We conclude with examples that demonstrate how to incorporate 
an anamorphic smoothing phase into a complete cosmological scenario. A simple model 
with a single anamorphic phase is analyzed in section 8.1. In section 8.2, we describe the 
construction of a model in which the smoothing phase, the bounce and the transition to a 
hot expanding phase repeat at regular intervals in a geodesically complete, cyclic cosmology. 


2 Essentials of anamorphic cosmology 


Anamorphic cosmology relies on having two essential components during the smoothing 
phase: time-varying masses and a combination of Weyl-invariant signatures that incorpo- 
rate aspects of contracting and expanding backgrounds. 

The first component is that particle masses and/or the Planck mass have different time 
dependence in any Weyl frame. For simplicity, we will consider models in which matter- 
radiation consists of massive dust. The frame-invariant action for a single particle is 


Sp= [ mas, (2.1) 


where ds is the line element and m may vary with time. For a homogeneous and isotropic uni- 
verse, we can assume a Friedmann-Robertson-Walker (FRW) metric ds? = —dt?+a?(t)dx;dzx* 
where t is the FRW time, a(t) is the scale factor and the Hubble parameter is H = dlna/dt. 

To distinguish cosmological models, it is convenient to introduce the two dimensionless 
Weyl-invariant quantities: 


m\ 4 
m = E 2.2 
© G + =) Ma (2.2) 
Mp, —1 
Op, = | H+ — | My. 2.3 
Pl ( ve) Pl ( ) 


Intuitively, ©m measures the physical expansion or contraction of the cosmological back- 
ground as measured relative to a ruler (or any object made of matter); in the cases considered 
in this paper, Om also measures the congruence of geodesics. Op; measures the evolution 
relative to the Planck mass, which is important for analyzing the generation of scalar and 
tensor metric perturbations. 

In standard cosmology with constant particle mass m and Planck mass Mp), the two 
invariants are equal, 0,,Mp,; = Op;Mp, = H, so no distinction is made. In particular, 
both invariants are positive during an inflationary smoothing phase and negative during an 
ekpyrotic smoothing phase. One can introduce a Weyl transformation of the metric in either 
case to re-express the action such that Mp); or m or both are time-dependent. In fact, as 


Anamorphosis Inflation Ekpyrosis 
On <0 >0 <0 
background contracts expands contracts 
Op) >0 > 0 <0 
curvature perturbations grow grow decay 


Table 1. Distinguishing the anamorphic, inflationary, and ekpyrotic scenarios: in conventional infla- 
tionary and ekpyrotic models, both the particle mass m and the Planck mass Mp) are constant, and 
the two Weyl-invariants ©m and Op; are both equal to the Hubble parameter (in Einstein frame). Con- 
sequently, both invariants are positive during an inflationary smoothing phase and both are negative 
during an ekpyrotic smoothing phase. In anamorphic models, Om, which characterizes the behavior 
of the cosmological background, is negative, as in ekpyrotic cosmology; and Op), which characterizes 
the generation and evolution of scalar and tensor metric perturbations, is positive, as in inflationary 
models. 


Wetterich [44] and Li [30] have recently emphasized, it is possible to transform expanding 
models to a frame where the Hubble parameter H is negative. However, the advantage of 
the variables Om and Op, is that they are frame invariant (resolving an issue also discussed 
in [13]). For example, Wetterich’s formulation of the action can still be unambiguously 
recognized as a version of expansion during all phases by computing these Weyl-invariant 
quantities and showing them both to be positive. Analogous constructions are possible in 
ekpyrotic models, in which case both invariants are negative during the smoothing phase. 


The second essential component of an anamorphic phase is that Om is negative (as 
in ekpyrotic models) and Op is positive (as in inflationary models), which is possible in 
principle if m and Mp; are time-dependent, as can be seen from eqs. (2.2)—(2.3). In section 4, 
we will discuss how to construct models whose equation of state during the anamorphic phase 
leads to the pair of Weyl-invariant quantities having this behavior. Because Om is negative, 
the cosmological background is physically contracting such that smoothing occurs without 
creating a multiverse or incurring an initial conditions problem, as in ekpyrotic models. 
Because Op is positive, the second-order action describing the generation and evolution 
of curvature perturbations during the smoothing phase is similar to the case of inflation. 
Consequently, a nearly scale-invariant spectrum of adiabatic density and gravitational wave 
perturbations can be generated in models with a single scalar field. 


From the invariants, therefore, it is clear that anamorphic models are unambiguously 
distinctive and, at the same time, share the best traits of inflationary and ekpyrotic cosmology 
while avoiding the worst. The essential differences are summarized in table 1. 


Table 1 suggests a fourth possibility with Om positive and Op) negative. In fact, such 
a set-up is achievable for different choices of the equation of state and time-varying masses. 
However, for the purposes of constructing useful cosmological models, this possibility is 
unpromising since it has the cosmological background behavior of inflation, thereby typically 
producing a multiverse, and the generation of curvature perturbations, governed by Op, is 
made more complicated. 


3 Advantage over previous models 


An anamorphic cosmology has several advantages over the classic inflationary paradigm [2, 
21, 31]. First, unlike inflation [20, 35], initial conditions do not have to be finely-tuned 
for the smoothing phase to begin. Second, inflation is geodesically incomplete [6], but 
cyclic anamorphic models can be constructed that are geodesically complete. Third, eternal 
smoothing [38, 41] is avoided, so there is no multiverse. Hence, the predictions in a given 
anamorphic model are unambiguous and testable. 

Among cosmological models that feature periods of contraction, simple pre-big bang [17— 
19, 40] and matter bounce models [16, 42] are unstable to anisotropy perturbations and, 
hence, do not explain smoothness and flatness. Anamorphic and ekpyrotic models do, but 
they employ different smoothing mechanisms. Ekpyrosis [25] uses a period of ultra-slow 
contraction in which the pressure, p, exceeds the energy density, p (w = p/p > 1). The 
anamorphic model relies instead on time-varying masses to suppress the anisotropy and 
imposes different conditions on the equation of state, as described in the forthcoming sections. 

A disadvantage of ekpyrosis is that it is not possible to generate scale-invariant curvature 
perturbations with a single scalar field during the slow contraction phase [12]. A second 
scalar field is needed such that one linear combination of the two fields creates scale-invariant 
entropic perturbations that are converted to curvature perturbations prior to or during the 
bounce [7, 15, 27, 34]. By contrast, the anamorphic mechanism requires only a single scalar 
field to do the smoothing, flattening and generation of curvature perturbations. Entropic 
perturbations and a conversion from entropic to curvature perturbations are not needed. 

In the ekpyrotic picture, there is no known way of generating a scale-invariant spectrum 
of tensor fluctuations. The primordial tensor-to-scalar ratio is effectively r = 0, a firm pre- 
diction that can be proven wrong in future experiments. (N.B. Secondary perturbations are 
automatically generated in this and all cosmological models by density fluctuations entering 
the horizon after matter domination; these contribute an effective r < 1076 [5].) The anamor- 
phic model generates a nearly scale-invariant spectrum of gravitational wave perturbations. 
Future observations will determine if this is an advantage. 


4 Conditions for an anamorphic smoothing phase 


As described in section 2, the cosmological background during an anamorphic smoothing 
phase is described by two Weyl-invariant quantities — Om < 0 and Op; > 0 — where the 
first measures contraction with respect to a physical ruler composed of matter and the second 
measures the expansion with respect to the Planck length, respectively. These quantities can 
be expressed in terms of two additional frame-invariants: 


Am =a—, (4.1) 
Mp, 
Mp; 

QPI = a—,, (4.2) 
Mp, 


where a is the FRW scale factor, m is the particle mass, Mp) is the reduced Planck mass 
expressed in a given frame and Mf, is the value of the reduced Planck mass in the frame 
where it is time independent, e.g., Einstein frame in scalar-tensor theories. The invariant 


quantities a, and ap, satisfy the relations: 


_1 QP] 
Op = Mp or (4.4) 


so that &m,pı can be viewed as the effective Weyl-invariant scale factors associated with the 
Weyl-invariant Hubble-like parameters Op). 

During the anamorphic phase, it is most useful to express the first Friedmann equation 
in a frame-invariant form using Om and am: 


302, (1 dn oN L PA Pm & | = +( a | ae (4.5) 


dlnam Ms, Mo, Mp) a2, Mp) a&, 


The Friedmann equation describes the contributions of different forms of energy density and 
curvature to the contraction or expansion rate. The first contribution, pa /Mp), is due to the 
anamorphic energy density that dominates during the smoothing phase. In the example given 
in the next section, pa is ascribed to a non-minimally coupled scalar field @ with interaction 
potential V7(¢). The second contribution, Pmatter /Mp), is due to the matter-radiation energy 
density in which the matter consists of particles with mass m. The last two contributions 
are due to the spatial curvature, where k = (+1,0,—1), and to the anisotropy, parameterized 
by o?. 

The anamorphic combination of Om < 0 < Op; requires that m and/or Mp, be time- 
dependent such that the invariant mass ratio m/Mp, decreases with time. Note that the 
factors of m/Mp in the Friedmann equation suppress the spatial curvature and, even more 
so, the anisotropy. This is a key feature because suppressing the anisotropy in a contracting 
universe is essential for avoiding chaotic mixmaster behavior and maintaining homogeneity 
and isotropy. At some point after the anamorphic phase, to reach consistency with all current 
cosmological observations and tests of general relativity, the universe must reheat to a high 
temperature and enter a hot expanding phase in which both m and Mp, become constant, 
with Mp, = M$, the current value of the reduced Planck mass. Throughout this paper, we 
will use reduced Planck units with Mf, = 1, except where specified otherwise. 

Of course, the Friedmann equation during the anamorphic phase can also be described 
using the invariants Op; and ap), as we will do at the end of this section. However, these 
variables are less useful because they obscure the role of the time-varying masses and the 
conditions needed after the anamorphic phase to join onto a hot expanding phase. 

Next, we consider the generic conditions that Om and am must satisfy to resolve the 
homogeneity and isotropy problems and to generate nearly scale-invariant perturbations. 

Smoothing condition. To quantify the condition for smoothing in a model-independent 
way, we define the effective equation-of-state parameter, €m, and a mass-variation index q 
according to the following relations: 


1din@?, 
ee dinam’ (e 
and 
_ dln (m/Mpi) 
= dees? (4.7) 


Substituting the second relation into eqs. (4.1)—(4.2), we find 
— =1-q. (4.8) 


Recalling that, @m is decreasing and ap; is increasing in an anamorphic phase, we see that 
the mass-variation index must satisfy g > 1. Note that this constraint implies the condition 
that the invariant mass ratio m/Mp, is decreasing during the anamorphic phase. 

In general, em and q can vary with time; however, for simple models, smoothing for an 
extended period of time is achieved by having them change very slowly during the anamor- 
phic phase; hence, treating them as roughly constant is a useful approximation deep in the 
anamorphic phase. In the case of nearly constant q, the expression for Om takes a particularly 
simple form, namely O2, x 1/a26m. 

In analogy with ekpyrotic and inflationary models, the conditions for smoothing and 
flattening an anamorphic universe can be expressed as constraints on the equation-of-state 
€m: They require that the anamorphic energy density pa/M}, dominates all other contri- 
butions on the right hand side of the Friedmann equation for an extended amount of time. 
“Domination” means ©2,(1 — q)? « pa/Mg, or, from eq. (4.6), 


dln (pa /M$;) E O dln(1 — q)? 
dln am a dinam ` 


(4.9) 


Note that the second expression on the right hand side of eq. (4.9) is very small, in general, 
sO pa / M$; is roughly proportional to 1/2. In order for eq. (4.9) to hold as am shrinks 
during the anamorphic contracting phase, 2em must exceed the corresponding exponents for 
the spatial curvature and anisotropy terms in the Friedmann equation if they are expressed 


as powers of 1/a2¢m. This condition yields a pair of constraints on €m: 
Em 2, l—q & Em Z 3(1 — q). (4.10) 


Here, for simplicity, we have neglected the weak time-dependence of q (like the second term on 
the right hand side of eq. (4.9)). Since q > 1, both conditions are satisfied if the first inequality 
is satisfied, i.e., if em Z 1— q. (Note that an ekpyrotic contracting phase corresponds to both 
Qam and ap; decreasing and constant m/Mp,. Hence, q = 0 and the smoothing constraint in 
eq. (4.10) reduces to €m = € = (3/2)(1+ w) > 3, the known result.) 

Squeezing of quantum curvature perturbations. To obtain a nearly scale-invariant spec- 
trum of super-horizon curvature perturbations, the cosmological background must have the 
property that modes whose wavelengths are inside the horizon at the beginning of the smooth- 
ing phase can have wavelengths larger than the horizon size by the end of the smoothing phase. 
The ‘horizon’ is roughly the Hubble radius |H|~! in standard ekpyrotic and inflationary cos- 
mology, and the squeezing condition (modes exiting the horizon scale during smoothing) is 
that |aH| is increasing. 

More generally, the ‘horizon’ is a dynamical length scale that separates smaller wave- 
lengths for which the curvature modes are oscillatory from the large wavelengths for which 
the curvature modes become frozen. In anamorphic models, the evolution of scalar and ten- 
sor metric perturbations are described entirely by the gravitational and scalar field parts 
of the effective action and do not depend on particle mass, as shown in section 6. Hence, 
the dynamical length scale is set by On and the corresponding squeezing condition is that 
Qp|Qp, be increasing, 


Ms, > 0, (4.11) 


which reduces to the standard condition in inflationary and ekpyrotic models. As shown 
in appendix B, if combined with the second Friedmann equation, the squeezing constraint 
reduces to the same condition as the smoothing constraint described above in eq. (4.10). 
Hence, squeezing imposes no additional constraint. 

Sufficient anamorphosis. Finally, the anamorphic smoothing phase must last sufficiently 
long to solve the horizon and flatness problems and generate a broad enough band of scalar 
and tensor metric perturbations that spans the observable horizon today. Since the met- 
ric perturbations are most simply described by ap, and Op), as noted above, it is most 
straightforward to label modes by the variable N, the number of e-folds of anamorphic phase 
remaining after the modes become frozen, as measured by the increase in apy: 

ao 
N= d Inap, (4.12) 


an 


where ay = ap)(N) is the value of ap, at the Nth e-fold mark and ap is the value at 
reheating. N runs from some large positive Nmax to zero during the anamorphic phase. The 
condition that the duration of the anamorphic phase is sufficient to smooth and flatten the 
universe is Nmax > 60. 

Other relations. The expansion of the cosmological background relative to fixed rulers 
(set by the constant particle mass m) is most clearly described by the invariants am and Om, 
as we have done above. However, it is always possible to use the invariants Op), wp), instead. 
Using these variables simplifies some expressions but has the disadvantage that it obscures 
the effects of time-varying mass since ap) = Q@,,(Mp;/m) absorbs the mass dependence. Also, 
because ap) is increasing even though the universe is physically contracting, these variables 
are not useful for determining how to join properly the anamorphic contracting phase to a 
hot expanding phase. For completeness, though, we repeat here many of the relations above 
that were expressed in terms of the invariants am and Om. 

The first Friedmann equation reduces to 


303, = “4 care 


pea 
PI = 74 7 7 6° 
Mp, Mp, op, oy 


(4.13) 


In analogy with the definition of em in eq. (4.6), it is useful to introduce an effective 
equation-of-state parameter ep, such that 


1dln 2 
= —- ; 4.14 
SPI 2 dln QPI ( ) 
Using the relation (1 — q)da,, = dap; and the definition of the mass-variation index in 
eq. (4.7), it is straightforward to show that 
1dln(1 — q)? 
=(q-1 4.15 
Em 2 dnan (q JEP, ( ) 
such that the smoothing and squeezing constraints reduce to 
ep, < 1. (4.16) 
In a frame-invariant form, the second Friedmann equation is given as 
dO 1 
aya E (4.17) 


tp EPL y 
dt 2 M$ 


where p4/M;, is due to the anamorphic pressure. Combining with the first Friedmann 
equation in eq. (4.5), we find 

_ 3PA+tPA, 
a a 


in particular, ep; is equivalent to the conventional equation of state parameter e€. 


EPI (4.18) 


5 Scalar-tensor formulation 


The discussion in previous sections invoked Weyl-invariant variables that describe the con- 
traction or expansion relative to time-varying particle mass and Planck mass. This formu- 
lation can be applied to a wide range of models and metrics, as we will explore in future 
publications. However, to make the ideas concrete, we will henceforth confine our discussion 
to models in which the anamorphic phase and the transition to a conventional hot expanding 
phase are mediated by a single scalar field ¢ that is non-minimally coupled to the Ricci scalar 
R and non-linearly coupled to its kinetic energy density. 
The action for our scalar-tensor examples can be expressed as 


S= | deya (FMROR- ZONG- VIO) + Lm(0)), 6D 


where guv is the metric; R is the Ricci scalar; k(@) is the non-linear kinetic coupling function; 
V7(¢) is the potential energy density; and Lm is a Lagrangian density that describes all 
other matter and radiation degrees of freedom. Henceforth, we will use the label J to denote 
frame-dependent quantities in Jordan-frame representation; E to denote Einstein frame; and 
no designation for quantities that are Weyl-invariant. 

In the simple examples considered in this paper, there is a Weyl transformation such 
that Lm is independent of ¢ and there is another Weyl transformation that makes Mp; 
independent of ¢ and Lm ¢-dependent. The corresponding equations of motion are given 
in appendix A. Mpi(¢) = M8 yv f (¢) is positive definite and approaches the current value 
M$; = 1 following the anamorphic phase and through the present epoch. These properties are 
typical of general scalar-tensor theories. The distinctive feature that enables the anamorphic 
phase and the transition to and from is the variation of the kinetic coupling, k(¢), from 
positive (correct sign) to negative (wrong sign) or vice versa. 

The fact that k(ġ) crosses through zero prevents its elimination by a field redefinition. 
In all cases, the action is constructed so that it is ghost-free. In some scenarios, the action 
above suffices. In others, we introduce additional Galileon-type terms, ~ (0¢)?Dd, ~ (0¢)4, 
that play a role before or after the anamorphic phase. 


We note that Piao [36] and Li [30] discussed scalar-tensor theories with negative kinetic 
couplings as a mechanism for generating nearly scale-invariant tensor fluctuations. We will 
see a similar effect on tensor fluctuations in our anamorphic models. However, Piao’s example 
is explicitly inflationary (in our classification, Om = Op; > 0), and Li’s is ill-defined since 
he does not specify the properties of the matter sector, though, he describes his model as 
dual to inflation. Another difference with Li is that his model maintains the negative kinetic 
coupling at all stages, including after the reduced Planck mass becomes fixed, which can add 
some complications after the smoothing phase.) 

As we show in appendix B, the conditions for smoothing and flattening the universe 
and for generating scale-invariant scalar and tensor metric perturbations combined with the 


no-ghost condition can be re-expressed in terms of the functions f(¢), k(¢) and the equation- 
of-state parameter €m or, using eq. (4.15), ep) = €. Combining these constraints, we have 


Fo) 
(Mpio) 


The left-hand inequality is the no-ghost condition. As discussed in appendix A, the total 
kinetic energy including the gravitational contribution (i.e., the kinetic energy in Einstein 
frame) is given by (1/2)K($)(¢/Mpi)? with K(¢) = (3/2)(MBif.o/f)? + k/f. Hence, K(¢) 
must be positive definite in order for the field to have the right-sign kinetic term. The middle 
inequality is the contraction condition (Om < 0); and the third inequality is the smoothing 
and squeezing constraint (e < 1). 

Clearly, given that f(¢) > 0, eq. (5.2) can only be satisfied if the kinetic function 


0 < 3+ 2k(¢) ee (5.2) 


k(o) <0 (5.3) 


during the smoothing phase. As we have emphasized, k(¢) < 0 does not cause any physical 
instability provided the no-ghost condition, K(¢) > 0, is satisfied, which is already incorpo- 
rated in eq. (5.2). 

Finally, with dlnap) = Op; (Mp;/¢) d@ and the expression for € in eq. (B.3), we can 
rewrite the expression for N in eq. (4.12) as 


N= is SURET (5.4) 
$ 


0 N 
n 2e Mý 


such that the condition of sufficient anamorphosis translates into the constraint that eq. (5.2) 
holds for so < < po. These two conditions on f(¢),k(¢) and € are sufficient to have 
an anamorphic smoothing phase that produces a homogeneous and isotropic cosmological 
background. As in the case of inflationary and ekpyrotic models, stronger constraints must be 
imposed in order for the spectrum of perturbations to be nearly scale-invariant, as discussed 
in the next section. 


6 Perturbations 


In this section, we discuss the generation of anamorphic scalar and tensor fluctuations and 
show that adiabatic curvature modes with a (nearly) scale-invariant spectrum are generated. 
Notably, the generation mechanism requires only a single field, is dynamically stable, results 
in negligible non-Gaussianity, and produces tensor modes in addition to scalar modes. These 
are all features that do not occur in ekpyrotic models and have been considered unattainable 
in bouncing cosmologies [8, 12, 26, 28, 29, 39]. The key reason why they can occur in the 
anamorphic scenario is that, even though the parameter Om is negative so that the physical 
background is contracting, Op) is positive. A related effect is that the spectral tilts of both 
the scalar and tensor perturbation spectra are typically red, whereas one might expect them 
to be blue in a contracting universe. We will also explain why the anamorphic scenario has 
no multiverse problem, which is more subtle than the case in ekpyrotic models. 


6.1 Adiabatic and tensor modes from the anamorphic phase 


The linearized perturbations of our model defined thru the action in eq. (5.1) can be evaluated 
using the second order actions for both scalar curvature and tensor perturbations. 


— 10- 


Curvature perturbations, Ç, are local perturbations in the scale factor that are described 
by the perturbed metric o 
ds? = —dt? + a(t) t drida. (6.1) 


As shown, e.g., in [30], following the standard calculation [3, 32], for the (second-order) action 
for scalar curvature perturbations ¢ we obtain 


t 3 g? 2 22 2 2 
Ss = 5 | tdr ——*__, KOMAO [POP - 0] 6 
(H+ Mfpi/Mp1) 


where c? = 1 is the speed of sound. Note that, to avoid ghost fluctuations, K(¢) must be 
positive definite, which is the same condition that we identified above in eq. (5.2) as the 
no-ghost constraint. Furthermore, the action for ¢ can be put in a frame-independent form: 


S25 = | indz aken (Cen? — 2 (0x6) (6.3) 


where both ap, and ep; are defined as in eqs. (2.2) and (4.6) and we have switched to conformal 
time 7, given by dn = dt/a. 
Defining a transverse and traceless tensor perturbation hij by 


Ògij = a* hij, (6.4) 


we obtain the analogous quadratic action for tensor perturbations, 


Ser = 5 | dinda ob, [ (hin)? — (Oshis)*]. (6.5) 
From the definition of the curvature and tensor perturbations and eq. (A.7), it follows that 
both Ç and hij are frame invariant as are the prefactors az, a2 ep. Hence, the perturbed 
quadratic actions are invariant under a frame change. As anticipated in earlier sections, 
although the cosmologically contracting background is most intuitively described in terms of 
Qm, the perturbations are most intuitively described by ap). 

In order to obtain nearly scale-invariant spectra of curvature and tensor perturbations, 
we must choose the couplings, f(¢),&(¢) and the potential, V;(¢), such that the correspond- 
ing pre-factors a%,ep; and aĝ scale approximately as 7~?, where any small correction to the 
exponent leads to a tilt. 

In an ekpyrotic contracting phase, there is no such option. The pre-factors in the corre- 
sponding quadratic actions behave differently: for scalar modes, the pre-factor is proportional 
to aĝ = aĉ, (assuming a constant or slowly varying equation of state ep) = €m) where am 
is very slowly decreasing as the universe contracts. This behavior is clearly different from 
n~?, which is rapidly growing. This explains why neither tensor modes nor adiabatic scalar 
modes get amplified during an ekpyrotic phase for models with a single scalar field. With 
two-fields, there is a mechanism to generate nearly scale-invariant adiabatic perturbations 
by first generating isocurvature perturbations and then converting, but there is no analogous 
mechanism for tensor modes so they are predicted to be absent [7, 27]. 

In the anamorphic contracting phase, the situation is different because the pre-factors 
depend on ap; Æ Qm, which is rapidly growing even though the effective scale factor am 
associated with the cosmological background (as measured by Om) is decreasing. In the 
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limit that ep) is nearly constant and much smaller than unity, a%,ep; and az, are nearly 
proportional to 7~? and the spectrum is nearly scale invariant. In section 7, we shall show 
that it is possible to construct such examples. 

We note that the background constraints (smoothing, flattening and squeezing) only 
require €m > 1 — q or ep) = € < 1, but nearly scale-invariant perturbations require stronger 
conditions, €m œ% 0 or ep; < 1 and nearly constant over tens of e-folds of smoothing. The 
same comment applies to inflation and ekpyrotic models. 

It is a common myth that scale-invariance is an automatic outcome of smoothing and 
flattening. For example, it is sometimes described as a prediction of inflation. In none of these 
cosmologies is this actually the case. Near scale-invariance, in accordance with observations, 
imposes significantly tighter constraints on the equation-of-state and its time variation. In 
the case of inflation, for example, the condition is imposed by requiring that the inflationary 
phase be nearly de Sitter, which is much stronger than needed to smooth and flatten. 


6.2 No multiverse 


The multiverse arises in inflation because of the same quantum physics that produces the 
scale-invariant spectrum described in the previous subsection. Rare quantum fluctuations 
keep some regions of space in the smoothing phase when a naive estimate would suggest 
that inflation should have ended. Within instants, the rare regions comprise most of the 
volume of the universe. The situation repeats eternally, so that only a fractal volume less 
than three dimensions ever ends inflation. This volume of measure zero containing regions 
that are no longer inflating is comprised of patches that complete inflation at different times 
after different random quantum fluctuations have affected the trajectory of the inflaton field 
that controls the rate of inflation. The different fluctuations lead to different cosmological 
outcomes. In addition to patches that are flat, smooth, and have nearly scale-invariant 
perturbation spectra, there are infinitely many patches that are curved, inhomogeneous, 
anisotropic and with non-scale-invariant fluctuations. By spanning all possible cosmological 
outcomes, the multiverse effect makes the inflationary scenario unpredictive. There is no 
generally accepted solution to this problem within inflationary cosmology at present [22]. 

The multiverse problem does not occur in ekpyrotic cosmology because regions contin- 
uing to smooth due to rare fluctuations are contracting rather than expanding. These rare 
contracting regions shrink away compared to typical regions that complete the contraction 
phase and transition to an expanding phase. 

A similar conclusion holds for anamorphic cosmology, but a more subtle analysis is 
required. As we have emphasized, during the anamorphic smoothing phase the cosmological 
background is contracting (O,, < 0) as measured by physical rulers comprised of particles 
with fixed mass m. For rare fluctuations of the scalar field that create patches with negative 
Om < 0 (within which contraction continues for longer periods compared to typical patches), 
the situation is the same as in the ekpyrotic case. These rare regions shrink away compared 
to typical ones. However, as we will illustrate with our simple example in section 8, there can 
also be rare fluctuations that stop or reverse the evolution of the scalar field and that can flip 
the sign of Om to positive. Now the rare patch is expanding rather than contracting, which 
cannot occur in the ekpyrotic picture. We will see that these rare patches are not problematic, 
though. There is a strong attractor solution that rapidly re-reverses the evolution of the scalar 
field and the sign of Om before any significant expansion can occur. After the reversal to 
contraction, the analysis reduces to cases already considered: the rare patches never grow to 
dominate and there is no multiverse. 
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7 Examples 


In this section, we illustrate some basic properties of anamorphic models using simplistic 
examples that are only intended to describe the anamorphic contracting phase. In the next 
section, we describe how to embed such examples in models that describe a complete bouncing 
cosmology that includes a hot expanding phase following the anamorphic phase. 

Let us consider the anamorphic action, 


S= | tev=5i (Sens + 50°49(0,6)? - vato) , (7.1) 
where we set the gravitational coupling f(¢) = €e?4% and the kinetic coupling k(¢) = —e?4% 
with both parameters € and A being positive real numbers and we set Me, = 1. For this 
family of models, the condition for anamorphic smoothing from eq. (5.2) reduces to the simple 
form 
6A7E — 1 

2& A? 

Recall that requiring strict positivity eliminates ghosts despite the fact that k < 0. 


0< <e<l. (7.2) 


7.1 Approximate solutions for e(N) 


If the smoothing condition in eq. (7.2) is satisfied, we can neglect the contributions from 
curvature, anisotropy, matter, radiation, etc. and, using the dimensionless “time variable” N 
defined in eq. (4.12), the equations of motion as given in appendix (A.1—A.3) reduce to 


EN _ 5 ©% 3-€ (a ad 


© eK) VKO 


7 1 £ Ving | 
= 2(3 (Fz wea (+ 14) +1), (7.3) 


The solution for € can be approximated analytically if we assume a slowly varying equation 
of state, i.e., 


KA 
ve F + KO) 


AAN 21, (7.4) 
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To satisfy this inequality and the constraint that e < 1 in eq. (7.2), the factor in parentheses 
in eq. (7.3) must be very small, or equivalently, 


2 2 
= say (Smo) -iera a) ws) 

As noted at the end of section 6.1, a slowly varying equation of state in the anamorphic 
(or inflationary or ekpyrotic) scenario is not necessary to solve the horizon and flatness 
problems. For example, it suffices that ¢€,y, AN < 1 — e€ in the anamorphic and inflationary 
models. Rather, it is the empirical constraint that the spectral tilt is observed to differ by 
only a few per cent from exact scale-invariance that forces the condition that € be so slowly 
varying and < 1. A similar statement applies to inflationary and ekpyrotic models. 

For simplicity of presentation, we consider a sequence of potentials that can be studied 
analytically, 


Vi(~) = VoeP?-O*, (7.6) 


for constant Vo, B and C and integer p, although the results can be easily extended to 
potentials of the form Vy œ e9(%), 
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7.2 V3(¢) = Voe®? 


First, let us consider the case with C = 0 and 
Vile) = Voe??. (7.7) 


The pre-factor Vo is a positive real number; it determines the amplitude of scalar perturba- 


tions, 
VVI (Vie fe\ GEA? — 1 e(1/2)(B-4A) on 
öp/olðn) ~ VEX (H ais) ~ Vi ei) 


Using eq. (7.3), it is easy to see that the potential in eq. (7.7) corresponds to a constant 
equation of state, 
1 £ 


= 26A] 


The condition for anamorphic contraction in eq. (7.2) reduces to 


(B — 447}. (7.9) 


€ 


6A7é — 1 
g 


where the first inequality is the no-ghost condition (K(¢) > 0), the second inequality is 
the smoothing condition (e < 1), and the third inequality is the condition for contraction 
(Om < 0). Note that, in this example, |4A — B| must be strictly greater than zero and 
non-negligible. 

For the purposes of illustration, we introduce a modification that suddenly ends the 
smoothing phase at ¢ = ġo. (We will present a practical example of this in the next subsec- 
tion.) Then, the number of e-folds of anamorphic contraction remaining is given by eq. (5.4), 


0< 5(44 = B}? < < A\4A — B], (7.10) 


2¢ _ 
poñi-i i 
¿£ [MA-B] 


Ad, (ail) 


where Ad = ġo — on > 0. Using ref. [43], the expression for the scalar tilt immediately 
follows, 


_ |44- B]Aġ 


7 (7.12) 


Observations of the CMB dictate that ng — 1 ~ —1/30 at N ~ 60, and, thus, for this 
example, Ad œ 2/|4A — B| and (6.47 — 1)/€ ~ (44 — B)?(N/2). Note that, with this choice 
of parameters, both the smoothing and the no-ghost constraints in eq. (7.2) are fulfilled. 
Contraction occurs if, in addition, we require that |4A — B|(N/2) < A. 

The result demonstrates that, in principle, anamorphic contracting models can generate 
a nearly scale-invariant spectrum of tensor fluctuations. 


7.3 Vi(d) = Voet% 


A simple modification of the previous example is Vy = Voe9'%) where g(@) is positive and 
increases linearly with ¢ for small ¢ and is negative and decreasing for large ¢. As a specific 
example, we consider 

Vilo) = Voe??-O", p> 2. (7.13) 


=i 


so that the anamorphic phase comes to an end when ¢ grows sufficiently large. The equation 
of state € begins very small and increases during the anamorphic phase, reaching € = 1 at 
p = po S 1 when the anamorphic phase ends. 

As in the previous example, the pre-factor Vo determines the amplitude of scalar per- 


6£A2 —1 e(1/2)(B—4A) on —(1/2)C bn 
6p/p(on) ~ 4] Vo a~ (7.14) 
\ £ EIB — 4A — Cpgh-*| 


The ¢-dependent equation of state is given by 


T 26A2é —1 


turbations, 


(44-—B+Cp¢?-t)’. (7.15) 


E€ 


Note that the equation of state is monotonically growing with increasing ¢ > 0 if the no-ghost 
condition, (6A?é — 1)/€ > 0, is satisfied. This ensures that the density-fluctuation spectrum 
has a red tilt. The anamorphic phase ends at e(o) = 1, so 


| 6A2%E —1 i a 
w= (( Et sas] z) . (7.16) 


Note that e < 1 and the smoothing condition is fulfilled for 0 < @ < ġo. 
During the anamorphic phase, there are two regimes of interest: (I) |44 — B| = 
Cpo! > Cp¢?-; and (Il) Cp¢?-! > |4A— B| ~ 0: 


Case I: if |4A— B| = Cp gp! > Cpd?—!, the term with coefficient C in the potential 
in eq. (7.13) is negligible and € is nearly constant except just before the anamorphic phase 
ends when ¢ is very close to ġo, where ¢o is given in eq. (7.16). For ġo ~ 1 and N ~ 60, the 
prediction for the scalar tilt is 


ng — 1 ~ —|4A — B/N, (7.17) 


where the contraction condition can be satisfied by choosing A > N. From the second-order 
action in eq. (6.5), the tensor tilt r for nearly constant €p; = € is given by 


TE E (7.18) 


which is the same as the standard inflationary consistency relation. 

Note that, if the parameters are fit to the current observational constraint on the tilt, 
ng — 1 ~ —1/30 at N ~ 60, then Case I cannot satisfy the current observational bound on 
r <10% [1]. 


Case II: if Cpt > |4A-— B| ~ 0, the condition for contraction (Om < 0) is given by 
6.A7é — 1 
£ 


where, in defining the upper bound, we have used the fact that 0 < @n < ¢o, i.e., if the 
physical background contracts for dy > 0, it contracts for all @ > dy. 
For the number of e-folds of anamorphic contraction, we find 


_ 62-1 1 ġo do _ 6A7E-1 1 1 1 1 | 
N E Cp [ r-t E Cp (p — 2) gp? ep 5 (7.20) 


0< <ACp¢r", (7.19) 
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and the expression for the scalar spectral tilt is 


£ 
i 6A2E — 1 


Since (do/dn)?~? > 1, we have (ng—1)(@n) = —(2/N)(p—1)/(p—2)(1+ Cp /(p-1)). 
In order to obtain the observed value of the tilt, ng — 1, p must be large enough that 
(p—1)/(p—2) ~ 1. To satisfy the remaining conditions for successful anamorphosis as stated 
in eqs. (7.16)—(7.20), it suffices to choose the parameters A, C, ġo, and € as follows, 


(ns — 1)(¢n) = 


Cpp- no? (SP ok +1), (7.21) 
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(7.22) 
Using these parameter constraints, the equation of state and its derivative are given by 
E 2 2 ,2(p—1) on \2e-) 2 p2 
x ——_C ~x | — — oh 7.23 
dlne 2€,¢ 2 


an | N) JKG N (7.24) 


Note that, since ¢y < 1 and p > 2, € is small compared to its derivative, |dIne/dN|. As a 
result, unlike Case I, it is possible to set the tilt ng — 1 ~ dln €/d N to the observed value and 
have the tensor-to-scalar ratio, r ~ 16e be O(1/N7) or smaller, which satisfies the current 
observational constraint on r. 


8 Completing the cosmological scenario 


As exemplified in the previous section, the anamorphic phase provides a smoothing mecha- 
nism that renders the universe homogeneous, isotropic and spatially flat, generating nearly 
scale-invariant, super-horizon curvature perturbations. For a complete cosmological scenario, 
though, we must also explain how the anamorphic phase ends and smoothly connects to stan- 
dard expanding big-bang evolution. This includes specifying how f(¢) and k(¢) must behave 
during the transition. 

During the anamorphic phase, Om < 0 and Op; > 0. In the expanding big-bang phase, 
Om = Op; > 0. To connect the two phases, it is necessary that Om switch sign. We will 
use the term Om-bounce to refer to the moment when Om switches sign from negative to 
positive; that is, a transition from a,, decreasing to a, increasing. (A switch from positive 
to negative Om, which corresponds to a, switching from increasing to decreasing, will be 
called a 0,,-reversal. The analogues for Op; and ap, will be called Op)-bounce and Op)- 
reversal.) The first model we will describe in section 8.1 is a simple (one-time) scenario that 
(i) begins with an anamorphic smoothing phase; (ii) undergoes a ©,,-bounce and reheats; 
and (iii) transitions to standard hot big-bang cosmology with decelerating expansion. As 
with all current inflationary models, this scenario is incomplete because it does not include 
an explanation of what precedes the smoothing phase. The anamorphic phase only occurs 
once and the universe expands forever in the future. Op) is positive and monotonically 
decreasing throughout. This simple model is sufficient to explain smoothness, flatness, and 
the generation of a nearly scale-invariant spectrum of density perturbations without inflation 
and without producing a multiverse. 
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Figure 1. Sketch of the (Jordan-frame) potential, Vy (continuous black line), the gravitational cou- 
pling, f (dotted blue line) and the kinetic coupling, k (dashed green line) versus ¢ in the simple 
anamorphic scenario. During the smoothing phase, the anamorphic field ¢ moves uphill along the po- 
tential energy curve due to the wrong-sign kinetic term while f grows monotonically. The anamorphic 
phase ends when, on the way uphill, the field’s kinetic energy becomes comparable with its potential 
energy and e — 1. The remaining kinetic energy of the field is sufficient to carry ¢ further uphill and 
over the top of the potential. On the way downhill, a transition to expansion occurs (0,,-bounce) 
when the kinetic coupling changes sign at ġe ~ M8. After the ©,,-bounce, ¢ reaches the minimum 
of the potential well and starts to oscillate rapidly, decaying and reheating the universe. Near the 
minimum, ¢ obtains a large mass and f and k become fixed so that the Einstein and Jordan frames 
become indistinguishable. The vacuum energy density at the minimum has a small positive value 
corresponding to the current dark energy density. 


The second example we will describe in section 8.2 is a cyclic anamorphic scenario 
with repeated epochs controlled by a single scalar field that each include: (i) a dark energy 
dominated expanding phase (like the present universe) in which the field value is near zero; 
(ii) decay to a contracting phase during which both Om and Op; undergo a reversal and 
become negative; (iii) a Op;-bounce in which Op; switches from negative to positive via a 
novel well-behaved NEC-violating phase; (iv) an anamorphic smoothing phase; (v) a Om- 
bounce with reheating followed by a rapid return of the scalar field to its original value 
(near zero); (vi) normal hot big-bang expansion until the dark energy overtakes matter and 
radiation, which brings the cycle back to step (i). In principle, the cycles can continue forever 
following this sequence. The cyclic scenario has all the advantages of the simple model and 
also has the property that it can be made geodesically complete and thereby avoid initial 
condition problems. 


8.1 Simple (one-time) anamorphosis 


In this subsection, we describe a simple (non-cyclic) anamorphic scenario in which the uni- 
verse begins in the anamorphic smoothing phase and subsequently reheats and transitions to 
a standard big-bang phase. Beginning in the anamorphic phase means that the condition in 
eq. (7.4) is satisfied initially. 

In figure 1, we have drawn a typical anamorphic potential with gravitational and kinetic 
couplings. In figure 2, we have plotted the corresponding equation-of state parameter € and 


a 


3+2k(o) 


anamorphic 


A exit & transition 
smoothing 


Figure 2. Plot of the equation-of-state parameter, e (continuous black line in upper figure) and the 
frame-invariants, Op, (dashed black line in lower figure) and Om (continuous blue line in lower figure) 
as a function of ¢ = In(Ay)/A for the anamorphic Lagrangian (5.1) with f(y) = €y?/(1+67x7), k(x) = 
—142y?y?/(1+7?x7) and V(x) = Ax? exp(—ax) and the parameter values € = 0.167, q = 3.99,a = 
1,8 = 0.01, and y = 0.05. The dotted orange line in the lower figure is the (Jordan-frame) time- 
derivative of Om. The dashed green line in the upper figure is the function defined in eq. (B.6), 
3+ 2kf/f’?. When 3+ 2kf/f’ = e the transition from (ordinary) contraction to (decelerated) 
expansion occurs; ¢ (X Mp, = 1) is the field value at the transition. The y-axis of the lower figure 
has arbitrary units. 


the frame-invariants, Om and Op, (all as a function of the anamorphic field ¢) up to the 
transition to reheating and the hot big-bang phase. Although these are sketches, all the 
properties described by these figures and in the discussion below have been confirmed by 
explicitly solving specific examples, such as the one detailed in the caption to figure 2. The 
solutions were found numerically by solving the differential equation eq. (7.3) for € as a 
function ġ, and then substituting the solution into the following relations: 


Opi(¢) = PB — €)’ (8.1) 
Onld) = Ori(d) — 528, (8.2) 
ÈI) = Onl F. (8.3) 
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The first relation follows from rewriting the Friedmann equations re-expressed in terms of the 
invariant Op); the second and third expressions follow from the definitions of Om, Op; and e. 

The key features of the simple scenario are as follows: 

Anamorphic smoothing: the cosmological evolution in the simple scenario starts with 
the anamorphic smoothing phase at small field values (on the left hand side of the barrier in 
figure 1 where ọ & i S M$; = 1) and the potential energy density being very low. In this 
phase, € is less than one and slowly varying, as given by eq. (7.5). Also, Om < 0 (see lower 
panel of figure 2), corresponding to a universe that is contracting. Due to the wrong-sign of 
the kinetic term k the anamorphic field, @ moves uphill along the potential energy curve Vj. 
The gravitational coupling f grows monotonically and so the effective gravitational constant 
becomes weaker, contributing to the anamorphic smoothing process (recall eq. (4.5)). Op; is 
positive and very slowly decreasing, ensuring that the curvature perturbations are (nearly) 
scale invariant with a small red tilt. The amount of anamorphic smoothing is given by 
the logarithmic change in ap), In(ao/ap)), where ap is the value of ap; at the end of the 
smoothing phase, as in eq. (4.12). Quantum fluctuations generated during this period result 
in the scalar spectral tilt ng and tensor-to-scalar ratio r computed in section 7.3, where the 
result (Case I or Case II) depends on the choice of parameters for V7, f and k. 

Exit and Transition: the anamorphic smoothing phase comes to an end when the kinetic 
energy becomes comparable to the field’s potential energy, i.e., € ~ 1. Although the anamor- 
phic phase ends before ¢ reaches the maximum of the potential, ø continues to grow because 
the universe is still contracting (until ¢ = ¢;) and, hence, the kinetic energy of ¢ continues 
to blue shift. The value of e increases over the next interval because of a combination of 
factors: the potential Vy has a maximum, as depicted in figure 1; the gravitational coupling 
f increases with ¢; and the kinetic coupling k is nearly constant ~ —1 (for ọ < ¢). 

Òm reaches its most negative value and begins to increase after € reaches € ~ 1 and the 
anamorphic phase ends. Over the next period, because Om < 0, Om becomes more and more 
negative, but now at a slower rate than before due to the fact that Òm is increasing towards 
zero. Next, Om grows to the point that it reaches zero and, hence, Om <0 reaches its most 
negative value. As Òm passes through zero and becomes positive, the field is still climbing 
uphill but ©,, is becoming less negative. When Òm hits its maximum, ¢ reaches the top of 
the potential and begins to roll downhill towards the minimum of the potential Vz. At last, 
when the kinetic coupling, k, passes through zero and changes from negative to positive at 
o = ht, Om also passes through zero and becomes positive. This is the moment we call the 
Om-bounce. (In the model proposed by Li [30], k remains negative throughout, including 
the hot expanding phase when the reduced Planck mass becomes fixed; an equivalent of the 
Om-bounce is achieved by introducing tuned modifications of the effective potential which 
potentially induces an unintended inflationary phase that leads to a multiverse.) 

Notably, the Om-bounce can occur without violating the null-energy condition (NEC), 
as can be seen from eqs. (A.1)—(A.2). The ©,,-bounce occurs at finite values of the effective 
Weyl-invariant scale factor am and does not require a Op}-bounce. After the 0,,-bounce, the 
field settles at the minimum of the potential where ¢ obtains a large mass; f and k become 
fixed such that Mp|\O,, = Mp|Op,; = Hpg in agreement with Einstein gravity and standard 
big-bang evolution. 

No multiverse: as discussed in section 6.2, the inflationary multiverse problem arises 
due to rare quantum fluctuations that kick the inflaton field in a direction that delays the 
end of the inflationary smoothing phase. Rare regions where this occurs continue to inflate 
and grow exponentially faster than regions that end inflation, so the rare regions soon occupy 
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the overwhelming majority of the volume of the universe. This process repeats ad infinitum, 
leading to runaway ‘eternal inflation’ and a multiverse. In ekpyrotic models, the problem is 
avoided because the analogous rare fluctuations extend the duration of the ekpyrotic smooth- 
ing, but regions in the smoothing phase are contracting in this case. The regions undergoing 
the rare fluctuations remain negligibly small compared to typical regions that complete the 
smoothing phase, bounce and expand, and so there is no runaway smoothing or multiverse. 

In the anamorphic scenario, smoothing also occurs during a contracting phase, but 
the situation is more subtle than the ekpyrotic case. For some rare fluctuations, the only 
effect is to extend the contracting phase, just as in the ekpyrotic model, and the same 
argument ensures that these regions cause no problems. However, some rare fluctuations 
can cause the evolution of the scalar field to reverse direction (e.g., towards the left in 
figure 1) compared to the normal classical evolution in the anamorphic phase. In those 
regions, Om = Op — (fi. /2f)(b/Mp1) flips sign from negative to positive, corresponding 
to expansion. If the expansion were inflationary and sustained for many e-folds, this could 
potentially cause runaway and produce a multiverse. However, it is straightforward to show 
this does not occur. If a quantum fluctuation gives the scalar field a strong kick in the wrong 
direction and the kinetic energy density is large compared to the potential energy density, 
there is expansion but no inflation. Analytic estimates (and our numerical solutions) show 
that the expansion lasts for only a fraction of an e-fold before the field picks up enough speed 
for Om to flip sign from positive to negative, leading to a long period of contraction. Because 
the expansion caused by the rare fluctuation does not even last for an e-fold, there is no 
chance of runaway inflation, and no multiverse problem arises. 


8.2 Cyclic anamorphosis 


In the preceding section we presented a one-time cosmological scenario where we started with 
the anamorphic smoothing phase, transited to standard big-bang evolution via a O,,-bounce 
and ended with the current phase of dark-energy domination. In this section, we briefly 
outline an example of how the anamorphic scenario can be made cyclic, i.e., how a dark- 
energy phase like the present epoch can be connected to an anamorphic smoothing phase 
that seeds initial conditions for the next cycle of evolution; for a detailed description see our 
analysis in [23]. A cyclic scenario has the advantage of avoiding initial condition problems 
related to assuming any sort of beginning in time. The key stages of the cyclic scenario are 
illustrated in figure 3: 

Dark-energy domination (the present phase, o = o ~ 10716 148s for the purposes of 
illustration, we shall take the anamorphic field to be the Higgs field, where we will assume 
that the current vacuum (¢ = ġo) is metastable and ġo has the empirically measured value. 
In the current cosmological phase, the anamorphic field is settled in a local, metastable 
vacuum state of the Higgs-like potential V7(¢), separated by a barrier of ~ (1010-12 GeV)‘ 
from the true, negative energy-density vacuum. The potential energy density V;(¢9) is the 
dominant energy component and it has the observed value of the current vacuum or dark- 
energy density ~ (1071? GeV)4; the gravitational coupling is f(¢9) = 1 (in agreement with 
tests of general relativity today) and the kinetic coupling is k = 1 (in accordance with the 
standard Higgs model). Due to the positive vacuum energy density of the metastable vacuum, 
the cosmological background expands at an accelerated rate. 

Contraction (107M8; S ¢ S nec): eventually, the metastable vacuum decays and 
¢ rolls or tunnels to the negative part of the potential. As the field rolls downhill to more 
negative potential energy density, Om = Op, both undergo a reversal from positive to negative 
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Figure 3. Cyclic anamorphosis. A sequence of expanded views of the (Jordan-frame) potential Vy 
(continuous blue line) versus the anamorphic field ¢ in the cyclic anamorphic scenario with the middle 
inset showing the energy barrier and the final inset showing the current metastable vacuum. Both the 
anamorphic field ¢ and its potential Vy are given in Planck units. We superposed curves to represent 
the gravitational coupling, f (dotted-dashed red line) and the kinetic coupling, k (dashed green line) 
that both are dimensionless functions of ¢. For small field values (6 < pana) and, in particular, 
during the current cosmological epoch when the anamorphic field is trapped in the metastable vacuum, 
f= 1 and k = 1, in agreement with observations; the plots of f and k have been shifted apart for the 
purpose of illustration. 


and the universe starts contracting. During the contracting phase that follows, the blue 
shifting kinetic energy density rapidly dominates the total energy density such that € => 3. 
Rolling downhill, the anamorphic field keeps picking up kinetic energy and, due to its large 
kinetic energy density (€ >> 3) at the bottom of the potential, Vmin, the field does not settle 
in the true, negative vacuum but continues to increase and roll uphill while the background 
keeps contracting. 

NEC-violation and non-singular Op,-bounce (onec S $ S OANA ~ M8): rolling uphill, 
the field’s kinetic energy grows at a slower rate but continues to dominate (e ~ 3) for a 
substantial period after Vz(ġ) changes from negative to positive. The depth of the potential 
|Vinin| can be chosen so that € ~ 3 when ¢ = nec where k(¢) changes from positive to 


E 


negative, as illustrated in figure 3. The sign-switch of the kinetic coupling leads to a brief 
violation of the null-energy condition (NEC). As we show in [23], it is possible to achieve 
a ghost-free and stable NEC-violating phase by assuming that the effective Lagrangian for 
onec Í ¢ S bana is Galileon-like [9-11, 14, 33] with higher order kinetic terms, ~ (0¢)4, ~ 
¢(0¢)”. During NEC violation, Hg = Mp)@p) begins less than zero, increases steadily and 
eventually hits zero and switches from negative to positive, resulting in a Op;-bounce. At 
the time of the Op);-bounce, the gravitational coupling f is beginning to increase, as depicted 
in figure 3. It is at this point in the evolution that Om and Op, first become distinguishable. 
In particular, Om remains finite and negative during and after the Op)-bounce, while Op; 
becomes positive. With increasing f, the quantity (1/2)K(¢)(¢/Mpi)? as given in eq. (A.9) 
becomes positive and the NEC-violating phase ends. At this point, the couplings to higher 
order kinetic terms (functions of ¢) can be chosen that the terms are negligible as ¢ increases 
further. 

Anamorphic smoothing phase (pana < $): the conditions are now precisely what is 
required for the anamorphic smoothing phase. That is, during the first three stages, the dark 
energy-dominated phase ends by tunneling to a state with negative potential energy density; 
a period of contraction begins that drives the field uphill in Vy through the brief period of 
NEC-violation that flips the sign of Op; to be positive and opposite that of Om; and the 
NEC-violating phase ends at approximately the value of V;(¢) needed to generate energy- 
density perturbations of the right amplitude, as given by eq. (7.8). (Note that, the important 
quantity for obtaining the right perturbation amplitude is V7/f?, which explains why it is 
possible in the simple scenario to have the anamorphic phase occur at small field values where 
Vz and f are small, whereas here the field value, V7(¢) and f are all comparatively large.) 


Due to the wrong-sign of the kinetic term k the anamorphic field ¢ continues to move 
uphill along the potential energy curve Vj. The gravitational coupling, f grows monotonically 
and so the effective gravitational constant becomes weaker, contributing to the anamorphic 
smoothing process. The Hubble-like parameters Om < 0 and Op, > 0 have opposite sign, 
though, both ©2, and ©} are very slowly shrinking and approaching zero during the anamor- 
phic phase while the mass-variation index q as defined in eq. (4.7) remains nearly constant. 
Notably, On/Mp; > 0 without violating the NEC. The very slow decrease of O2, and @2, 
ensures that the curvature perturbations are (nearly) scale-invariant with a small red tilt. 
The scalar and tensor spectra can be computed as described in section 7.3, where the result 
(Case I or Case II) depends on the choice of parameters for Vj, f and k. 

Exit, Om-bounce and hot big-bang evolution: the anamorphic smoothing phase ends 
when @ reaches infinity after finite time Atz and Om < 0 approaches zero. We assume a 
bounce occurs, analogous to that in ekpyrotic models, in which ¢ reverses sign and gets a 
small kick [4]. ©,, continues to increase, which means it switches from negative to positive 
resulting in a 0,,-bounce. Consequently, the universe starts expanding. No Op )-bounce 
occurs, though. Rather Op, undergoes a reversal: it is positive before the 0,,-bounce, 
reaches zero at the ©,,-bounce and continues to decrease and becomes negative after the 
O,,-bounce. 

On the way downhill, the gravitational coupling f is shrinking and the kinetic coupling 
k is growing, i.e., becoming less negative. The field eventually re-enters the range of NEC- 
violation encountered on the way uphill. This occurs, when (f,4 /f )? has become small again 
relative to |k/f|. As before, Opi /Mpi > 0 leads to a Op;-bounce and Op; becomes positive. No 
Om-bounce occurs. As ¢ continues to decrease and Í /Mp, vanishes, the invariants Om, Op) 
(now both positive) as well as the frames become indistinguishable. The field continues to 
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roll down the potential energy curve, reaches the negative minimum and continues uphill. 
The small extra kick generated at the ©,,-bounce enables the field to cross the tiny barrier 
and settle in the metastable vacuum state. The Higgs field oscillates around its minimum 
converting its remaining kinetic energy to radiation, thereby reheating the universe. After 
14 billion years of expansion and cooling, the universe reaches a condition like the present, 
dominated by the small, positive false vacuum energy density of the Higgs field, and the cycle 
returns to step 1. Note that, as in the ekpyrotic cyclic model [37], there is a long period of 
dark-energy domination such that fluctuations produced in previous cycles are redshifted to 
super-horizon wavelengths that are not visible in the next cycle. 


9 Discussion 


The goal of this paper has been to introduce a new approach for smoothing and flattening 
the early universe and generating a nearly scale-invariant spectrum of perturbations utilizing 
a single scalar field that couples non-minimally to gravity. Through the invariants Om and 
Op), we have shown that we can classify different cosmological smoothing mechanisms and 
specify how the anamorphic approach differs from previously known inflationary and ekpy- 
rotic approaches (which may be formulated with or without non-minimal coupling). It is 
clear from this classification that the anamorphic mechanism is a meld of the earlier ideas, 
aiming to employ the best features of both. 

During the smoothing phase, the conditions on the equation of state € and Op; are rem- 
iniscent of inflation. Much of the intuition and experience gained in constructing inflationary 
models can be usefully applied in constructing models of the anamorphic smoothing phase. 
However, the differences are also important. The universe is physically contracting in the 
anamorphic phase, as quantified by Om, which is key to avoiding the multiverse problem of 
inflationary models. Also, there are enormous differences in the conditions for embedding the 
smoothing phase in a complete cosmological model. Inflation relies on a big bang to precede 
inflation and leads to eternal inflation. To utilize the anamorphic mechanism, the big bang 
must be replaced by a ©,,-bounce, and the anamorphic phase must precede that bounce. 

In this respect, anamorphic cosmology is reminiscent of ekpyrotic cosmology. For exam- 
ple, as we illustrated in one of our constructions, replacing the bang with a bounce opens the 
possibility of embedding the anamorphic mechanism in a geodesically complete cyclic theory 
of the universe that resolves both the initial conditions and multiverse problems. (Notably, 
our construction includes a novel Galileon-like mechanism for producing a non-singular Op- 
bounce that evades gradient instabilities and ghosts, as detailed in ref. [23].) 

The specific examples presented in this paper were constructed to illustrate certain 
design principles. In future papers, we will present examples that are more efficient and 
aesthetic. We will also show how to generalize the anamorphic mechanism to more general 
types of scalar-tensor and other modified gravity theories. 
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A Cosmological background in Jordan and Einstein frames 


We present the background equations of motion for the anamorphic action in eq. (5.1) in 
both Jordan and Einstein frames. 


A.1 Jordan-frame representation 


The Jordan frame with Mp)0,, = H; #4 MpiOpı has the property that the dust particle mass 
my is independent of ¢. Consequently, this is the frame in which physical rulers (set by the 
particle’s Compton wavelength, say) have fixed length. Varying the action with respect to 
the metric and the field leads to the (Jordan-frame) equations of motion 


2, É g _1 12 _ ; J 
O(I +e) — ga = aOR + VO - 3Ha fo bu + pm (A.1) 
. 1 ; 1 ; 1 .. 
FO (B z) ! res a = sho), + gH fobs E (Pei HZ + fie ĝu) 
r: CA (A.2) 


k3,  (A.3) 


. : . K o? 1 
k(O) (y + 3Hy6,) + Ving = 3f (Hs +283 + + yare) a 
J J 


e (A.4) 
2 Pog l 


where we define f(¢) = (Mpı(¢)/M8,)?, where Mf, is the value of the reduced Planck mass 
today. The dot denotes differentiation with respect to the physical (Jordan frame) time, 
tj, that runs from large negative to small negative values during the anamorphic phase; 
although the value of ¢ is frame invariant, time derivatives such as ¢7 are not so we add the J 
subscript to be clear that the derivative refers to Jordan frame time. p7, is the (Jordan-frame) 
matter energy density and py, is the (Jordan-frame) matter pressure. The spatial curvature 
is x = (+1, 0, —1) and a homogeneous and anisotropic Kasner-like metric is assumed where 


ds = —dt; + a3(t) X exp(26:)dz? with X Bi(t) =0. (A.5) 
i i 
In the field equations, eq. (A.1)—(A.4), the anisotropy is parameterized by g? where 
2-252, p=, = constant AG 
o = ae ci = constant. (A.6) 


Smoothing and flattening the universe and generating nearly scale-invariant perturba- 
tions during the anamorphic phase and transitioning afterwards to a hot expanding phase 
imposes constraints on f(¢), k(¢) and V;(¢). During the anamorphic phase, the invariant 
mass ratio m/Mp; must shrink or, equivalently, the non-minimal coupling f(¢) must grow 
significantly to suppress the anisotropy. Then, during the hot expanding phase that follows, 
including the present epoch, f(¢) must approach unity so that M?, > (M8)? = 1. These 
conditions ensure that there are no observable deviations from Einstein gravity today or at 
observable red shifts. 

In the hot expanding phase where f(¢) is constant, k(¢) must be positive (the standard 
sign in simple quantum field theories) so that the kinetic energy density is non-negative 
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and there is no ghost-field. However, during the anamorphic phase when f(@) is growing, 
k(@) must be negative in order to obtain the equation of state, €, required for smoothing and 
flattening, as has been shown in section 5. Hence, the kinetic coupling k(¢) must change from 
negative during the anamorphic phase to positive during the subsequent hot expanding phase 
that follows. Because k(¢) varies from negative to positive during the scenario, it cannot be 
eliminated by a field re-definition in the Jordan-frame action. Smoothing also requires that 
the potential energy density V;() be positive and increasing during the anamorphic phase. 
This is achieved as a result of the negative (wrong-sign) kinetic coupling k(¢) during the 
anamorphic phase, which causes the solution for ¢ to run uphill along its potential V;(¢@). 
(By contrast, the analogous field during an ekpyrotic contracting phase has normal-sign 
kinetic energy density and runs downhill along a potential that is negative and decreasing.) 


A.2  Ejinstein-frame representation 


The Jordan frame is natural for describing the smoothing and flattening of the universe 
and the different stages of expansion and contraction before and after the smoothing phase 
because rulers have fixed lengths in this frame. However, for some purposes, it is useful 
to consider the action in the Einstein frame where Mp,Op; = Hg 4 MpiOm, especially 
when comparing gravitational effects, such as wavelengths of curvature perturbation modes 
compared to the Hubble radius. Under a Weyl transformation of the Jordan-frame metric, 
the Einstein-frame metric is 


Gio Teg (A.7) 
Introducing the field ® given by 
d® 
=a K A. 
ig 7 VEO). (4.8) 


where 


(A.9) 


the gravitational and field sector of the action can always be rewritten in terms of minimally- 
coupled Einstein gravity, 


Se = f dav =gr (Fhe - 30,8)? - Ve(®)) (A.10) 


where 


Ve(®) = Vi(9)/F7(¢). (A.11) 


During the anamorphic smoothing phase, both Vg and Vj are positive. 
K() must be positive definite and continuously differentiable in order for the field to 
have the right-sign kinetic term in the Einstein frame. Hence, 


K($) >0 (A.12) 


is the no-ghost condition. From the expression for K(¢) in eq. (A.9), we see that k(¢) can 
be negative and the theory can remain ghost-free if (f 4)?/f is sufficiently large. 
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A.3 Matter contribution and contraction 


The dust contribution to the action in the two frames is such that the action of a single test 
particle is given as in eq. (2.1), 


Sa= f mydss = | msl VFO ase. (A.13) 
The dust-particle mass in Einstein-frame representation is given by 


mp =my/vV/ fl). (A.14) 


In the anamorphic models considered in this paper, m, is ¢-independent and, hence, mg 
is @-dependent. Because my is fixed independent of ¢, having Hy; < 0 (or, equivalently, 
Om < 0), as occurs during the anamorphic phase, means that the universe is contracting 
compared to physical rulers made from matter. However, as we have noted, the Hubble 
parameter in other frames may have a different sign. In particular, Hg (or, equivalently, 
Op}) is positive in the anamorphic phase. 


B Conditions for successful anamorphosis 


We analyze the conditions that f(¢) = (Mpi/Mp))*, k(¢) and V;(¢) in the action (5.1) and 
that the equation of state e(@) must satisfy in order to smooth and flatten the cosmological 
background and to have squeezed quantum fluctuations during the anamorphic contracting 
phase (Om < 0 < Opi). 

Constraint 1: contraction. The invariant anamorphic energy density is given by the 
sum of the kinetic and potential energy density of the anamorphic field ¢ and the invariant 
pressure is given by the difference: 


. 2 

pa _1 o Vi(9)/ F (O), 

Ma ae (mr) T (Maye ma 
È 2 

pa _1 o Vi(9)/F?(9) 

Mp, E a (a) (Mpt a 


where for pedagogical reasons we have kept factors of M$; exposed. Since the energy density 
of the anamorphic scalar dominates the total energy density during the smoothing phase, 
the conventional equation-of-state parameter, € = (3/2)(1 + w) with w = p/p, can be re- 


expressed as 
: 2 
1 K(4) o 
= B.3 
= 2 03, (a 3 a 


so that the anamorphic condition, Om < 0 (contraction relative to physical rulers) and 
Op; > 0 (expansion relative to the Planck scale), becomes 


Om = Opi + Mpy (2 we) =( aA fe | oo 25, (B.4) 


Mp, 2€ 2 f Mp 
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Without loss of generality, we will consider the case when ¢ is increasing during the anamor- 
phic phase, ¢/Mp) > 0. Since K(¢) and € are positive definite, the only way Om can be less 
than zero with b/Mp\ > 0 is if 

f.o > 0. (B.5) 


(The constraint is f, < 0 if ġ/Mpı < 0.) Then, substituting the definition of K(¢) from 
eq. (A.9) into eq. (B.4), the condition that O,, < 0 reduces to 


3+ 2K(¢)2%) <e. (B.6) 


he 
It is straightforward to show that the constraint in eq. (B.6) is the same independent of the 
sign of b/Mp\. 

Constraint 2: smoothing of the Cosmological Background. Smoothing and flattening 
during contraction requires that the scalar field energy density dominates over all other 
contributions for an extended period of 60 or more e-folds. We have shown that the necessary 
condition for smoothing and flattening is that em > 1 — q or, equivalently, ep; = € < 1 (see 
eqs. (4.10) and (4.16)). That is, smoothing and flattening imposes an upper-bound on € 
which complements the lower bound constraint imposed by contraction, eq. (B.6). 

Constraint 3: squeezing of quantum curvature perturbations. The squeezing constraint 
in eq. (4.11) can be rewritten as 


dap Op, 
dt 


= din® 
Mo = ap 9} (1 + 3 


B. 
dln QP] ( D 


Since € = dln Opı/d ln ap, the squeezing constraint is equivalent to the smoothing condition 
e<l. 
Combining all three constraints with the no-ghost condition (K > 0), we have 
0<3+2K(0) 19) <e<l. (B.8) 
K 
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